UNIQUENESS RESULTS FOR ILL POSED CHARACTERISTIC 
PROBLEMS IN CURVED SPACE-TIMES 



ALEXANDRU D. lONESCU AND SERGIU KLAINERMAN 

Abstract. We prove two uniqueness theorems concerning linear wave equations; the 
first theorem is in Minkowski space-times, while the second is in the domain of outer 
communication of a Kerr black hole. Both theorems concern ill-posed Cauchy prob- 
lems on bifurcate, characteristic hypersurfaces. In the case of the Kerr space-time, the 
hypersurface is precisely the event horizon of the black hole. The uniqueness theorem 
in this case, based on two Carleman estimates, is intimately connected to our strategy 
to prove uniqueness of the Kerr black holes among smooth, stationary solutions of the 
Einstein- vacuum equations, as formulated in [14]. 
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1. Introduction 

The goal of the paper is to prove two uniqueness results for the Cauchy problem in the 
exterior of a bifurcate characteristic surface. In the simplest case of the wave equation in 
Minkowski space M^"'"'^, 

d 

□0 = 0, n = -d^ + Y,df 

i=l 
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the problem is to find solutions in the exterior domain Sa = {{t, x) : \x\ > \t\ + a}, a > 0, 
with prescribed data on the boundary Ha — {{t, x) : \t\ — \x\ +a}. The problem is known 
to be ill posed, that is, 

(1) Solutions may not exist for smooth, non-analytic, initial conditions. 

(2) There is no continuous dependence on the data. 

The situation is similar to the better known case of the Cauchy problem prescribed on a 
time-like characteristic hypersurface, such as x'^ = 0. The Cauchy-Kowalewski theorem 
allows one to solve the problem for analytic initial data, but solutions may not exist in 
the smooth case. It is known in fact that smooth solutions cannot be prescribed freely, 
since certain necessary compatibilities may be violated. 

Though existence fails, one can often prove uniqueness. A general result due to Holm- 
gren, improved by F. John [8], shows that the non-characteristic initial value problem for 
linear equations with analytic coefficients is locally unique in the class of smooth solutions, 
see [9]. The case of equations with smooth coefficients is considerably more complicated. 
An important counterexample to uniqueness was provided by P. Cohen [5], see also [12] 
and [1] for more general families of examples. Thus, in the case of the Cauchy problem 
for a time- like hypersurface (such as x''' — 0), even a zero order, smooth, perturbation of 
the wave operator □ can cause uniqueness to fail. We note also that, there cannot be, in 
general (unless one considers solutions with suitable decay at infinity such as discussed in 
[16]), unique continuation across characteristic hyperplanes, see the counterexample and 
the discussion in [13, Theorem 8.6.7]. On the other hand, there exist conditions which 
can guarantee uniqueness, most importantly those of Hormander [13, Chapter 28]. See 
also [19], [21] and the references therein for uniqueness results under partial analyticity 
assumptions. These results prove uniqueness for a large class of problems which include, 
in particular, the Cauchy problem on an arbitrary, non-characteristic, time-like hyper- 
surface for the wave equation Dg^ = 0, corresponding to a time independent Lorentz 
metric of the form —gQo(x)dt'^ + gij{x)dx'^dx^ with goo > and (gij)fj=i positive definite. 
The method of proof for these and other modern unique continuation results is based on 
Carleman type estimates. 

The case of ill posed problems for bifurcate characteristic hypersurfaces, i.e. surfaces 
composed of two characteristic hypersurfaces which intersect transversally, seems to have 
been first studied by Priedlander^ [6], by using a variation of Holmgren's method of proof. 
The same problem for equations with smooth coefficients, seems not to have been specif- 
ically considered in the literature. Yet it is precisely this case which seems to be of con- 
siderable importance in General Relativity, particularly for the problem of uniqueness of 
stationary, smooth solutions of the Einstein field equations, see discussion in [14]. Indeed, 
it turns out that remarkable simplifications occur for the geometry of bifurcate horizons 
for general, stationary, asymptotically fiat black hole solutions of the Einstein- vacuum 



In [7] he also considers a similar, ill posed, characteristic problem at infinity, concerning uniqueness 
of solutions with identical radiation fields. 
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equations, verifying reasonable regularity assumptions. For such regular black hole space- 
times, Hawking has shown, see [10], then there must exist an additional Killing vector- field 
defined on the event horizon, tangent to the generators of the horizon. In the case when 
the space-time is real analytic one can extend this additional Killing vector-field to the 
entire exterior region, and deduce that the space-time must be not only stationary but 
also axially symmetric. A satisfactory uniqueness result (due to Carter [3] and Robinson 
[20]) is known for stationary solutions which have this additional symmetry. However, 
in the smooth, non-analytic case, the problem of extending Hawking's Killing vector- 
field from the horizon to the exterior region leads to an ill posed characteristic problem. 
This appears to be the key obstruction to proving the analogue of Hawking's uniqueness 
theorem in the class of smooth, non-analytic space-times. 

Motivated by this latter problem, to avoid the analyticity assumption we are proposing 
a completely different approach^ based on the following ingredients. 

(1) The Kerr space-times can be locally characterized, among stationary solutions, 
by the vanishing of a four covariant tensor-field, called the Mars-Simon tensor S 
introduced in [17]. 

(2) The Mars-Simon tensor-field S verifies a covariant system of wave equation of the 
form (see also first equation in (1.6)) , 



Moreover, since g is stationary, we know that there exists a globally defined Killing 
vector-field ^, which is time-like at space-like infinity. Thus it is easy to verify that 
the Lie derivative of S with respect to ^ vanishes identically. 



(3) One can show that the tensor-field S vanishes identically on the bifurcate horizon 
7i of the stationary metric g. We show this by making an assumption (automati- 
cally satisfied on a Kerr metric) concerning the vanishing of a complex scalar on 
the bifurcate sphere of the horizon. 

(4) Using a first Carleman estimate for the covariant wave equation (1.1) we show that 
S vanishes in a neighborhood of the bifurcate sphere. This step does not require 
condition (1.2), indeed it is a result that applies to general equation of type (1.1) 
in a neighborhood of a regular bifurcate characteristic hypersurface, for a general 
Lorentz metric g. 

(5) To extend the vanishing of S to the entire domain of outer communication we need 
a more sophisticated Carleman estimate which depends in an essential fashion, 
among other considerations, on equation (1.2). 

In this paper we prove, see Theorem 1.2, a global uniqueness result for tensor-field 
solutions to covariant equations of the form (1.1) and (1.2) on the domain of outer com- 
munication of a Kerr background, which vanish on the event horizon. The condition (1.2) 



□„5 ^A-BS + B-S. 



(1.1) 



C.S = 0. 



(1.2) 



^See the longer discussion in [14]. 
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relative to the stationary Killing vector-field ^, which is important to prove a global result, 
is justified by the fact that the problem of uniqueness of Kerr is restricted, naturally, to 
stationary solutions of the Einstein vacuum equations (see discussion in [14]). We also 
discuss a simple model problem, see Theorem 1.1, concerning scalar linear wave equations 
in the exterior domain S = Si oi the Minkowski space-time with prescribed data on the 
characteristic boundary H — Hi. 

We would like to thank A. Kendall for bringing to our attention the work of Priedlander, 
[6], [7]. 

1.1. A model problem in Minkowski spaces. Assume d > 1 and let {/A = M.xW^, m) 
denote the usual Minkowski space of dimension d+ 1. We define the subsets of A4 

S ^ {{t,x) e M : \x\> \t\ + l}, (1.3) 

and 

n = S{S) = {{t,x) eM: \x\ = \t\ + 1}. (1.4) 

Let £ — S U 7i. Our first theorem concerns a uniqueness property of solutions of wave 
equations on S. 

Theorem 1.1. Assume <f> G C^{M), A, e C^{M), I = 0, . . . ,d, and 

d 

□0 = + -9,0 on £. (1.5) 

/=o 

Assume that = onTi. Then = on £. 

Theorem 1.1 extends easily to diagonal systems of scalar equations. We remark that 
in Theorem 1.1 we do not assume any global bounds on the coefficients A and BK Also, 
we make no assumption on the vanishing of the derivatives of on 7^, which is somewhat 
surprising given that □ is a second order operator. This is possible because of the special 
bifurcate characteristic structure of the surface H. 

The proof of Theorem 1.1, which is given in section 4, follows from a standard Carleman 
inequality with a suitably defined pseudo-convex weight. However, the simple statement 
of Theorem 1.1 appears to be new. We include it here mostly as a model result to 
illustrate, in a very simple case, the connection between bifurcate characteristic horizons 
and unique continuation properties of solutions of wave equations. 

1.2. The main theorem in the Kerr spaces. Let (K^,g) denote the maximally ex- 
tended Kerr spacctime of mass m and angular momentum ma (see the appendix for some 
details and explicit formulas). We assume 

m > and a e [0, m). 

Let denote a domain of outer communication of K^, and Ti = 5(E'^) the corresponding 
event horizon. Let denote an open neighborhood of E"^ U 7^ in K"^, and let ^ denote 
a Killing vector field on E'^ which is timelike at the spacelike infinity in E^. Let T(M'^) 
denote the space of smooth vector- fields on M^, and let ¥5(1X1^), r, s e Z^., denote the 
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space of complex-valued tensor-fields of type (r, s) on M'^. Our main theorem concerns a 
uniqueness property of certain solutions of covariant wave equations on E^. 

Theorem 1.2. Assume keZ+,S e Tl{M^), A G Tt{M^), B e T^+^(M4), C G TI{M^), 
and 

'~'(,*~>a\...ak '~'Pi...Pk^ ai...afc) 

in E^. Assume in addition that S = on H. Then, S = on E^ U 

2. Unique continuation and conditional Carleman inequalities 

2.1. General considerations. Our proof of Theorem 1.2 is based on a global unique 
continuation strategy. We say that a linear differential operator L, in a domain Q C M*^, 
satisfies the unique continuation property with respect to a smooth, oriented, hypersurface 
S C if any smooth solution of L(j) = which vanishes on one side of S must in fact 
vanish in a small neighborhood of S. Such a property depends, of course, on the interplay 
between the properties of the operator L and the hypersurface E. A classical result of 
Hormander, see for example Chapter 28 in [13], provides sufficient conditions for a scalar 
linear equation which guarantee that the unique continuation property holds. In the 
particular case of the scalar wave equation, Dg^ = 0, and a smooth surface S defined by 
the equation h — 0, ^ 0, Hormander's pseudo-convexity condition takes the form, 

D2/i(X,X)<0 if g(X, X) = g(X, D/i) = (2.1) 

at all points on the surface E, where we assume that (f) is known to vanish on the side of 
E corresponding to /i < 0. 

In our situation, wc plan to apply the general philosophy of unique continuation to the 
covariant wave equation (see the first equation in (1.6)), 

U^S = A*S + B*TiS. (2.2) 

We know that S vanishes on the horizon Ti and we would like to prove, by unique contin- 
uation, that S vanishes in the entire domain of outer communication. In implementing 
such a strategy one encounters the following difficulties: 

(1) The horizon Ti, — 7i+ U TiT is characteristic and not smooth in a neighborhood of 
the bifurcate sphere. 

(2) Even though one can show that an appropriate variant of Hormander's pseudo- 
convexity condition holds true along the horizon, in a neighborhood of the bifurcate 
sphere, such a condition may fail to be true slightly away from the horizon, within 
the ergosphere region of the stationary space-time where ^ is space-like. 

Problem (1) can be dealt with by exploiting the fact that the horizon is a bifurcate 
characteristic hypersurface, which, in particular, is sufficient to allow us to prove that 
higher order derivatives of S vanish on the horizon. Problem (2) is more serious, in the 
case when a is not small compared to m, because of the existence of null geodesies trapped 
within the ergoregion m -\- \/rTn? — < r < m + \Jm^ — a? cos^ 9. Indeed surfaces of the 
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form rA = m(r^ — a^)^/^, which intersect the ergoregion for a sufficiently cfose to m, are 
known to contain such null geodesies, see [4]. One can show that the presence of trapped 
null geodesies invalidates Hormandcr's pseudo-convexity condition. Thus, even in the case 
of the scalar wave equation Dg^ = in such a Kerr metric, one cannot guarantee, by a 
classical unique continuation argument (in the absence of additional conditions) that 
vanishes beyond a small neighborhood of the horizon. 

In order to overcome this main difficulty we need to exploit the second identity in (1.6), 
namely 

CtS ^C*S. (2.3) 

Observe that (2.3) can, in principle, transform (2.2) into a much simpler elliptic problem, 
in any domain which lies strictly outside the ergoregion (where ^ is strictly time-like). 
Unfortunately this possible strategy is not available to us when a is not small compared 
to m, since, as we have remarked above, we cannot hope to extend the vanishing of S, by 
a simple analogue of Hormander's pseudo-convexity condition, beyond the first trapped 
null geodesies. 

Our solution is to extend Hormander's classical pseudo-convexity condition (2.1) to one 
which takes into account both equations (2.2) and (2.3) simultaneously. These consider- 
ations lead to the following qualitative, ^-conditional, pseudo-convexity condition, 

C{h) = 0; 

B-'hiX, X)<0 if g{X, X) = six, Dh) = g(e, X) = 0. ^^-^^ 

We will show that this condition can be verified in all Kerr spaces a e [0,m), for the 
simple function h — r, where r is one of the Boyer-Lindquist coordinates. Thus (2.4) is 
a good substitute for the more general condition (2.1). The fact that the two geometric 
identities (2.2) and (2.3) cooperate exactly in the right way, via (2.4), thus allowing us to 
compensate for both the failure of condition (2.1) as well as the failure of the vector field 
^ to be time-like in the ergoregion, seems to us to be a very remarkable property of the 
Kerr spaces. In the next subsection we give a quantitative version of the condition and 
state a Carleman estimate of sufficient generality to cover all our needs. 

2.2. A conditional Carleman inequality of sufficient generality. Unique continua- 
tion properties are often proved using Carleman inequalities. In this subsection we state a 
sufficiently general Carleman inequality. Proposition 2.3, under a quantitative conditional 
pseudo-convexity assumption. This general Carleman inequality is used to show first that 
S vanishes in a small neighborhood of the bifurcate sphere 5*0 in E^, using only the first 
identity in (1.6), and then to prove that S vanishes in the entire exterior domain using 
both identities in (1.6). The two applications are genuinely different, since, in particular, 
the horizon is a bifurcate surface which is not smooth and the weights needed in this 
case have to be "singular" in an appropriate sense. In order to be able to cover both 
applications and prove unique continuation in a quantitative sense, we work with a more 
technical notion of conditional pseudo-convexity than (2.4), see Definition 2.1 below. 
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Let Br = {x E M.'^ : \x\ < r} denote the standard open ball in M'^. Assume that (M, g) 
is a smooth Lorentzian manifold of dimension 4, xo e M, and : Bi — > Bi{xo) is a 
coordinate chart. For simplicity of notation, let Br{xo) — r G (0,1]. For any 

smooth function 4> : B ^ C, where B C Bi{xo) is an open set, and j = 0, 1, . . . let 

4 

\D^<P{x)\= Yl \da,...de.^<P{x)\. (2.5) 

ai,...,aj=l 

Let gai3 — s{9a, 9p) and assume that V — V^da is a vector-field on Bi{xq). We assume 
that 

6 4 

E E l^'g"/^! + l^'g"''! + l^'^^l ^ (2-6) 
In our applications = or = ^. 

Definition 2.1. ^4 family of weights : -Beio(a;o) — >■ M+, e e (0, ei), ei < Aq^j ^^^^ 
called V -conditional pseudo-convex if for any e e (0, ei) 

4 

K{xo) = e, sup ^e^|D^7i,(a;)| < e/ei, |V^(/ie)(a;o)| < e'°, (2.7) 

D'*/i,(xo)D%(xo)(D„/i,D^/i, - eD„D^/i,)(xo) > e?, (2.8) 
anc? there is fj, E [—^i^, ^i^] such that for all vectors X — X°'da £ Txq{M) 
eliiX'y + {Xy + {X'f + [X'^y] 

< X°X^(/ig„^ - B^B0h,){xo) + e-\\X-V^{xo)\' + \X''B^h,{xo)\'). 
A function : B^w{xo) R tt;i// be called a negligible perturbation if 

sup \D^eeix)\ <e^^ /or j = 0, . . . , 4. (2.10) 

xeB^io (xo) 

Remcirk 2.2. One can see that the technical conditions (2.7), (2.8), and (2.9) are related 
to the qualitative condition (2.4), at least when — h -\- e for some smooth function h. 
The assumption \V{h^){xo)\ < e^^ is a quantitative version ofV{h) = 0. The assumption 
(2.9) is a quantitative version of the inequality in the second line of (2.4), in view of the 
large factor e'"^ on the terms \X°'Va{xo)\'^ and |X"Do,/ie(xo)P, and the freedom to choose 
II in a large range. The assumption (2.8) is a quantitative version of the condition V/i ^ 
(assuming that (2.9) already holds). 

It is important that the Carleman estimates we prove are stable under small perturba- 
tions of the weight, in order to be able to use them to prove unique continuation. We 
quantify this stability in (2.10). 

We observe that if {/ie}eg(o,ei) is a ^-conditional pseudo-convex family, and is a 
negligible perturbation for any e e (0, ei] , then 

he + e^e [e/2, 2e] in 5^10(2:0). 



(2.9) 
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The pseudo-convexity conditions of Definition 2.1 are probably not as general as possible, 
but are suitable for our applications both in Proposition 3.2, with "singular" weights 
and V — 0, and Proposition 3.3, with "smooth" weights and V — ^. 

Proposition 2.3. Assume ei < Aq^, {he}ee(o,ei) 'is a V -conditional pseudo-convex family, 

and is a negligible perturbation for any e G (0,ei], see Definition 2.1. Then there is 
e G (0,ei) sufficiently small and sufficiently large such that for any A > Cg and any 
0gCo-(5,k,(xo)) 

\\\e-^f^<P\\L2 + ||e-^^''|i^V| \W < C,A-i/2||e-"^^ng0|U2 +e-6||e-^^^y(0)||i2, (2.11) 

where fe = ln{he + ej. 

As mentioned earlier, many Carleman estimates such as (2.11) are known, for the 
particular case ^ = 0. Optimal proofs are usually based on some version of the Fefferman- 
Phong inequality, as in [13, Chapter 28]. A self-contained, elementary proof of Proposition 
2.3, using only simple integration by parts arguments is given in [14, Section 3] (see also 
Proposition 4.1 in section 4 for a similar proof in a simpler case). We also note that it is 
useful to be able to track quantitatively the size of the support of the functions for which 
Carleman estimates can be applied; in our notation, the value of e for which (2.11) holds 
depends only on the parameter ei. 

3. Proof of Theorem 1.2 
3.1. The first Carleman inequality in Kerr spaces. The horizon H decomposes as 

where Ti.^ is the boundary of the black hole region and Ti.^ is the boundary of the white 
hole region. Let 5*0 = 7i~^ n 7i~ denote the bifurcate sphere. In this section we prove 
a Carleman estimate for functions supported in a small neighborhood of the bifurcate 
sphere yS'o. 

We first construct two suitable defining functions for the surfaces H'^ and H~. 

Lemma 3.1. There is an open set O C M^, So Q O, and smooth functions u,v : O ^ W 
with the following properties: 

(a) We have 

{E'' n O = {,T G O : u{x) > and v{x) > 0}; 
n+nO = {xeO: u{x) = 0}; 
n-nO = {xeO: v{x) = 0}. 

In addition, the set {x G O : u{x),v{x) G [0, 1/2]} is compact. 

(b) With Ls = g-^da{u)dp, U = g''^d^{v)dp G T(0), 

g(L3,L3) = on 7i+nO; 

g(L4, L4) = on 7^- n O; (3.1) 
g(L3,L4) > on Sq. 
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(c) For any smooth function : O — >• M with the property that (p = on fl O, there 
is a smooth function 0' : O — > R such that 

(f) = (f)' -u on O n 

Also, for any smooth function : O — M with the property that 4> = on T-C~ n O, there 
is a smooth function 0' : O — >• R such that 

= 0' • i; on O n 

Proof of Lemma 3.1. A more precise construction of global optical functions u, v is given 
in [18]. In our problem we do not need this global construction; for simplicity we construct 
the functions u, v explicitly, using the Kruskal coordinates of the Kerr space-times. In 
standard Boyer-Lindquist coordinates {r,t,9,(j)) E (r+,oo) x M x (0,7r) x S^, r± = m ± 
(m^ — a'^y^'^ (see the appendix), the Kerr metric on the dense open subset E^ of E^ is 



= -^(dtf + ^'^''f^\ d<P - udtf + ^{drf + p\de)\ (3.2) 



where 



A = + — 2mr; 
p2 =r^ + a2(cos6')^; 

Y? = (r^ + a^)p^ + 2mra2(sin6')2 = (r^ + a^f - a2(sin( 

, , 2amr 

We define the function : (r+, oo) — > M, 

+ , 2mr+ , , , 2mr_ 



(3.3) 



dr — r A ln(r — r+) ln(r — r_). (3.4) 

+ — 2mr r+ — r_ ^+ ~ ^- 

With Co = ^^z^i we make the changes of variables 

r* = cqQuu + In v) and t — coQnu — Inv), (3-5) 
where u,v E (0, cxd)^, so 

dr^ = CQ^u^^du + v~^dv); 
dt = co{u~^du — v~^dv). 

We observe also that a;(r+, 9) — a/(2mr+). We make the change of variables 



(3.6) 



with 



= 0* + —-^^^ — t = 0* + -^^^(Inu - In'u), (3.7) 
zmr_i_ zmr_i_ 



d(j) — d(j)^ -\- - — —iu ^du — v ^dv). (3.8) 
2TOr+ 
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In the new coordinates {u,v,9,(f)^,) G (0, cxd) x (0, cxd) x (0,7r) x the Kerr metric (3.2) 
becomes 

,2 c2p2AV(sine)2 n2 2/ , n2i Sc^p^A / 1 1 \, , 

+ 



-^(vdu — udv) + p^(d6y. 
uv 



where u = u — a/{2mr^). 
We restrict to the region 

6 = {{u, V, 9, 0,) e (-ci, if X (0, tt) X 

for some constant Ci > sufficiently small. We examine the coefficients that appear in 
the Kerr metric (3.9). Since e''*/'^" = uv and r_ < r+ (since a E [0,m)), it follows from 
(3.4) that r is a smooth function of uv in O. Moreover A/{uv) = (r — r_)(r — r^)/{uv) 
and uj/{uv) are smooth function of liT; in O. Thus the Kerr metric (3.9) is smooth in 
O, and we identify O with the corresponding open subset of the Kerr space. We let 
O be any open neighborhood of 5*0 contained in the closure of O in (by adding in 
the points corresponding to G {O.tt}). It is easy to see that the coordinate functions 
u,v :0 ^ (~Ci, 1) verify the conclusions of the lemma. □ 

Assume now that Xq G 5*0, = {x eW^ : \x\ < r}, and : Bi ^ O, $^o(0) = Xq, is 
a smooth coordinate chart around Xq. In view of (3.1) 

5o = inf g(L3,L4)>0. (3.10) 

In follows from (3.1) that there is eg G (0, 1/2] such that 

g(L3,L4) > 5o/2 and |g(L3,L3)| + |g(L4,i^4)| < ^o/lOO on B,,{xo), (3.11) 

where Br{xo) — ^^°{Br). Thus we can fix smooth vector fields Li,L2 G T(SgQ(xo)) such 
that 

g(Li,Li) = g(L2,iv2) = 1; 

g(Li, L2) = g(Li, L3) = g(L2, L3) = g(Li, L4) = g(L2, L4) = 0. ^ ' ' 

We define also the smooth function : Bi{xo) — ^ [0, 00) 

Ar^°(x) = |($^°)-^(a;)|2. 
The main result in this section is the following Carleman estimate: 

Proposition 3.2. There is e & (0, eo) sufficiently small and Cg sufficiently large such that 
for any A > and any G C^{B^io{xo)) 

A||e-^-^^0|U2 + Ile-^^^I^VI < C,A-V2||e-^^ 0^<f>\\L^, (3.13) 

where 

fe = ln[€'\u + €){v + e) + e^^AT^"]. (3.14) 
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Proof of Proposition 3.2. We apply Proposition 2.3 with V = 0. It is clear that e^'^N^^ 
is a negligible perturbation, in the sense of (2.10), for e sufficiently small. It remains to 
prove that there is ei > such that the family of weights {/ig}eg(o,ei), 

}i^^e'^{u^e){v^e) (3.15) 

satisfies conditions (2.7), (2.8) and (2.9). 

Let C denote constants > 1 that may depend only on the predefined geometric quanti- 
ties eo, 5o, and a uniform bound in B^^^{xi^ of iD-^gc^l, iD-'g"^!, |-D%|, l-D-'wl, j = 0, . . . , 6. 
Since ^(xo) = v{x^^ = 0, the definition (3.15) shows easily that condition (2.7) is satisfied, 
provided that ei < C~^. 

Relative to the frame Li, L2, 1/3, L4 the metric g takes the form, 

gab = Sab, ga3 = ga4 = 0, O, 6 = 1, 2 
g33 = 93, g44 = 9i, g34 = ^, 

in Beo{xo), where 5(3 = g(L3,L3), 5(4 = g(L4,L4), Q = g{L3,L4). Also, for the inverse 
metric, 

^ab^gab^ ga3 = ga4^Q^ 0,6=1,2 

S'' = 9'3, g^ = ^l, g^' = ^^', ^ ^ 

where 5(3 = -g^/i^'^ - 92.9a), 94 = -93/ {^'^ - 9394), ^' = ^/{^"^ - 9394) ■ Recall that 
Vl > 5o/2 in Beg{xo), see (3.11), 513 = on 7i+ fl ^^^(xo), ^^4 = on fl Se(,(xo), see 
(3.1). Thus, using Lemma 3.1 (c), 

Is'al < C'li and \g4\ < Cv in B^q{xq). (3.18) 

We denote by 0(1) any quantity with absolute value bounded by a constant C as before. 
In view of the definitions of v, Li, L2, L^, L4 we have, 

Li{u) ^ L2{u) ^ Li{v) ^ L2{v) ^0, Ls{u)^g3, Li{v) ^ g^, L4{u) ^ Ls{v) ^ Q. 

(3.19) 

Thus 

L^ih) = e-\v + e)n + e-\u + e)g4, L^ihe) = e-\u + e)n + e-\v + e)g3, 

Li(/i,) = L2(/i,)=0, ^ ■ ' 

and, using (3.18), (3.19), and (3.20), in B^w{xq), 

[D2/i,)33 = 0(1), (D2/i,)44 = 0(1), {TD^h,)ab = 0(1), o, 6 = 1, 2, (3.21) 
(D2/i,)3, = 0(1), {B^K)4a = 0(1), a = 1, 2. 

Using (3.17), (3.20), (3.21), and g3{xo) — g4{xo) — we compute 

B''h,{xo)T>^h,{xo){B^KBph, - eD,D^/i,)(xo) = 2^^ + eO(l) > 
if ei is sufficiently small. Thus condition (2.8) is satisfied provided ei < C~^. 
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Assume now Y = Y"La is a vector in T^q^M.'^)- We fix /j, = and compute, using 
(3.20), (3.21), and gsixo) = g4{xo) = 1, 

Y'^Y^ifigap - D,D^/i,)(a;o) + e-2|F"D„/i,|2 

4 

= i^iiY^f + (y')' + 2nY^Y^) - 2e-^Q'y^y^ + e-'Q'(y=^ + y^ + o(i) J](y")' 

a=l 

> (/x/2)[(yi)2 + (Y^f] + I]2(e-V2)[(r3)2 + (y4)2| 

if ei is sufficiently small. Wc notice now that we can write Y — X"da in the coordinate 
frame 91,92,93,^4, and < C{\Y^\ + \Y'^\ + \Y^\ + \Y^\) ioi a = 1,2,3,4. Thus condition 
(2.9) is satisfied provided ei < C~^, which completes the proof of the lemma. □ 

3.2. The second Carleman inequality in Kerr spaces. In this section we prove a 
Carleman estimate for functions supported in small open sets in E'^. Assume that xq G E*^ 
and : Bi — > E'^, $"^"(0) = Xq, is a smooth coordinate chart around Xq. We define the 
smooth function A^^" : Bi{xq) [0,oo), A^'"(x) = |($'^")"i(x)p as before.^ 

We use the notation in the appendix. The coordinate function r : E^ — > (r+,oo) 
extends to a smooth function r : E^ — > (r+, oo). The main result in this subsection is the 
following Carleman estimate: 

Proposition 3.3. There is e E (0,1/2] sufficiently small and Cg sufficiently large such 
that for any A > Cg and any (j) e C^{B^io{xq)) 

A||e-^-^^0|U2 + \\e-^^D^4> \ 1^2 < C,A-^/'||e-^^^ □g0|U2 + e-^\\e-'^'^^^{4>) 1^2, (3.22) 
where, with tq = t{xq), 

J, = ln[r - ro + e + e^^ A^^°] . (3.23) 

Proof of Proposition 3.3. As in the proof of Proposition 3.2, we will use the notation C to 
denote various constants in [1, oo) that may depend only on the chart $ and the position 
of xq in E^ (i.e. on (r(xo) — r+)~^ + (r(xo) — r+)]), and 0{1) to denote quantities bounded 

in absolute value by a constant C. It is important to keep in mind that r{xQ) > r_|_, i.e. 
xq G E''. We apply Proposition 2.3 with V = ^. It suffices to prove that there is ei > 
such that the family of weights /ig}£g(o,ei), 

h^ = r-ro + e (3.24) 

satisfies conditions (2.7), (2.8), and (2.9). 

Condition (2.7) is clear if ei is sufficiently small, since C(^e) = 0. To prove condi- 
tions (2.8) and (2.9), with the notation in section A, we work in the orthonormal frame 
Co, Ci, 62, 63 defined in (A. 7). We have 

BoiK) = Di(/i,) = T>s{K) = 0, T>2{he) = (A/p2)V2. (3.25) 
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Using the tabic (A. 16), we have 

A/r r — m Y 



, A ma sin 6', ^o, 

A / y r \ 
_D,D,^, = --(---) 

-D,D,/., = ^^^-^^ (3.26) 



p2 Vp2 A 

'Aa^ sin 9 cos ^ 



Ar 



DoD2/i, = DoDa/ie = DiDa/ie = DiDg/i, = 0. 

It follows that 

T>''h,{xQ)Y>^h,{xo){T>^h,T>phe - eD«D^/i,)(xo) = AVp' + eO{l) 

which verifies condition (2.8) if ei is sufficiently small. 
To verify condition (2.9) we fix 

3Ar 

and use the formula (compare with (A. 9) and (A.4)) 

pVA 2amrsin6l 
C = ^^eo ei. (3.28) 

Assume X = Y^e(^-\-Y^ei-\-Y'^e2-\-Y^e2, is a vector expressed in the frame e^. We compute 

r«F^(/xg,^ - T>J^pK){xo) + e-2(|r«^„(xo)p + |r"D,/i,(xo)n 

= (F°)2(-^ - DoDo/i,) + (Fi)2(^ - DiDi/i,) + 2Y^Y\-J^,-D^h:) 
+ (F2)2(^ - D2D2/ie) + (F3)2(^ - DaDg/i.) + 2FV3(-D2D3/i.) (3-29) 
_2 (p'VAyo + 2amr(sing)y^)' -2 ^^^? 

Let Z = p2^yo ^ 2amr(sin e)y^ thus 

^o^Z-2amr(sin^)y^^^^,^ 
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Using also n — D^JD^h^ = (Ar)/(2p^), the right-hand side of (3.29) becomes 
(F2)2(e-2Ap-4 + - DsDs/i,) + iY'f{Arp-^)/2 - 2Y^Y' ■ D2D3/1, 
+ Z2[e-V'2-^ + P'i-^i - DoDo/iJ] 
+ {Yy[a^{-fi - DoDo/i,) - 2aDoDi/i, + - DiDi/i,] 



(3.30) 



+ 2Y'Z[aP{-fi - DoDo/i.) - /SDqDi/i,]. 
It is clear that the first line of the expression above is bounded from below by 



if e is sufficiently small, since A > C~^. The main term we need to bound from below is 
the coefficient of (Y^)'^ in (3.30). We use the table (3.26) and the definitions of a and 
after several simplifications this term is equal to 



In view of (A. 14) and (A. 15) this is bounded from below by (Ar)/(2p^). Thus the sum 
of the last three lines of (3.30) is bounded from below by 



if e is sufficiently small. The condition (2.9) is verified, which completes the proof of the 



3.3. Vanishing of the tensor S. In this subsection we prove Theorem 1.2. Arguments 
showing how to use Carleman inequalities to prove uniqueness are standard. We provide 
all the details here for the sake of completeness. Some care is needed at the first step, in 
Lemma 3.4 below, since we do not assume that derivatives of the tensor S vanish on the 
horizon. 

Wc show first that the tensor S vanishes in a neighborhood of the bifurcate sphere Sq 

in 

Lemma 3.4. With the notation in Theorem 1.2, there is an open set O' C M^, Sq C O', 
such that 



Proof of Lemma 3.4- We use the functions u,v defined in Lemma 3.1 and the Carleman 
estimate in Proposition 3.2. Since 5*0 is compact, it suffices to prove that for every point 
xq G 5*0 there is a neighborhood O^^^ of xq such that 5 = in n O^^^ . As in Proposition 
3.2, assume : Si — > O, $^°(0) = Xq, is a smooth coordinate chart around Xq. With 





Y'^Yf^ifigap - D,D^/i,)(xo) + e-\\Y'^U^o)\' + lY'^B^h^ixo)]') 
> C-^[iYy + {Y^f + e-^iY^ + (y3)2] 



proposition. 



□ 



5 = m O' n E^ 
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the notation in Proposition 3.2, there are constants e G (0, eo) and C > 1 such that, for 
any \ >C and any G C^{B^w{xq)) 

X\\e-^f^(f)\\L2 + ||e-^^^|DV| < (7A-V2||e-^/^ ng^lU^, (3.31) 

where 

fe = ln[e-^(ii + e){v + e) + e^^A^^"]. (3.32) 

The constant e will remain fixed in this proof, and we assume implicitly it is sufficiently 
small as discussed in Proposition 3.2. We will show that 

5 = in S,4o(xo) nE^ (3.33) 

For (ji, . . . , jfc) G {1, 2, 3, 4}^^ we define, using the coordinate chart 

hh-jk) =S{dj,,...,dj^). (3.34) 

If k = we define (p = S \n Bi{xq). The functions <f>{ji...j,^) '■ Bi{xo) C are smooth. Let 
?7 : M — >• [0, 1] denote a smooth function supported in [1/2, oo) and equal to 1 in [3/4, oo). 
With u,v as in Proposition 3.1, for S G (0, 1] we define 

^.■M = ^(n.-M ■ • V{uv/S) ■ (1 - viN^o/e'')) ^^^^^^ 



Clearly, (j)^'^^ .^-^ G (7^(5^10 (xq)). We would hke to apply the inequality (3.31) to the 
functions ^^^^^ and then let 5 ^ and A — > oo (in this order). 
Using the definition (3.35), we have 

Using the Carleman inequality (3.31), for any (ji, . . .jk) G {1, 2, 3, 4}^ we have 

< CA-^/2 • \\e-^f^ ■ ^5,,ng(/.(,-,.,.,-,)|U2 (3.36) 



+ C 



for any \ >C. We estimate now \\2g(t)ij^,„j^)\. Using the first identity in (1.6) and (3.34), 
in B^w{xq) we estimate pointwise 

Pg0O,...,.)| < E (I + (3.37) 

for some constant (7^^^ that depends only on the tensors A and B. We add up the 
inequalities (3.36) over (ji, . . .,jk) £ {1, 2, 3, 4}^^. The key observation is that, in view of 
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(3.37), the first term in the right-hand side can be absorbed into the left-hand side for A 
sufficiently large. Thus, for any A > C^,b and 5 e (0, 1] 

^ Yl \\^~^^^ ■Vs,e<l>{n...jJ\L^ 
h,—,3k 



3l,—,Jk 



(3.38) 

We would like to let 5 — > in (3.38). For this, we observe first that the functions 
Da0(ji...jfc)D'^?75,e and (iDgTT^^gl -|- \D^r)s^^\) vanish outside the set U Bg, where 

As^{xe B,io{xo) n : e (5/2, 5)}; 

In addition, since 4'{j^...j^) = on 7-^ (using the hypothesis of Theorem 1.1), it follows from 
Proposition 3.1 (c) that there are smooth functions (t>\j^...j^) : O — > C such that 

hn..,u) (1 - ^(^^")) = ■ 4/^,..,,) in O n E^ (3.39) 

We show now that 

\n^?}s,e\ + \D%,e\ < 5(1b, + (1/<^)1aJ. (3.40) 

The inequality for \D^rjs^^\ follows directly from the definition (3.35). Also, using again 
the definition, 

|D"D,^5,,| < |D"D,(1e4 • v{uv/5))\ ■ (1 - ri{N^°/e'')) + C(lg^ + (1/5)1^,). 
Thus, for (3.40), it suffices to prove that 

1e4 • \B^BMuv/5))\ < C/5 ■ 1a,. (3.41) 
Since u,v,r] are smooth functions, for (3.41) it suffices to prove that 

6-'^\B"{uv)B^{uv)\ < C/6 in A^. (3.42) 

Since uv G 6] in A^, it suffices to prove that 

M2|D"?;D„t'| + v^lU'^uB^.u] < C5 in Aj. 

For this we use the frame Li, L2, L3, L4 as in the proof of Prooposition 3.2. The bound 
follows from (3.19), (3.18), and (3.17). 
We show now that 

|D,,(/.(,,..,,)D"^5,,| < C^,(lg^ + UJ, (3.43) 

where the constant C^i depends on the smooth functions 4>'{ji...jk) defined in (3.39). Using 
the formula (3.39) (which becomes 4>{j^...j^) = uv ■ (f>\j^,„jy.) in A^ U BJ, this follows easily 
fi-om (3.42). 
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It follows from (3.39), (3.40), and (3.43) that 

\T>a<l>(n-j,)^"Vs,.\ + |0,i...,J(|ngi75,e| + \D%^,\) < 5^'(1b, + IaJ. 
Since lim^^o ||1aJ|z,2 = 0, we can let (5 ^ in (3.38) to conclude that 

for any A > Finally, using the definition (3.32), we observe that 

inf e-^f^ > e-^i°(^+^'V2) > g-A/._ 

3^4,0 (a;o)nE4 ^ 

It follows from (3.44) that 

for any A > (7^,^. We let now A — > 00. The identity (3.33) follows. □ 

We show now that the tensor S vanishes in an open neighborhood of the horizon H in 
E^. For any i? > r+ let 

E^ = {xGE4:r(x)G(r+,i?)}, 
where r : E^ — > (r+, 00) is the smooth function used in Proposition 3.3. 

Lemma 3.5. With the notation in Theorem 1.2, there is R> r+ such that 

S = in E|. 

Proof of Lemma 3.5. It follows from Proposition 3.1 (a) and Lemma 3.4 that there is 
ei > such that 

5 = in the set {x eE^nO : u{x) < ei and v{x) < ei}. (3.45) 

It suffices to prove that <S = in E^ n E^, where E^ is the dense open subset of E^ 
defined in section A. In view of (3.45) and the definition of the functions u, v in the proof 
of Lemma 3.1, there is €2 > such that 

5 = in the set {x = (r, ^, 0) e E^ : t = and r < r+ + €2}. (3.46) 

We use the Boyer-Lindquist coordinate chart (see appendix A) to define 

di = dr, 82 = dt, 83 = de, 84 = d^, 

and 

The second identity in (1.6) gives, for any (j'l, . . .,jk) £ {1, 2, 3, 4}*^ 

ii,...,ik 
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In view of (3.46) 

0, 6*, 0) = if r < r+ + 63. 

Since C is a smootli tensor in E"^, it follows that 4'{h...jk) 6*, 0) = if r < r+ + £2, which 
completes the proof of the lemma. □ 

We prove now that 5 = in E^, which completes the proof of the theorem. In view of 
Lemma 3.5, it suffices to prove the following: 

Lemma 3.6. With the notation in Theorem 1.1, assume that 

5 = 0mE|,,. (3.48) 
for some Rq > r+. Then there is Ri > Rq such that 

S = in E%^. 

Proof of Lemma 3.6. Assume that Xq G E^ and r{xo) — Rq. We show first that 

there is a neighborhood 0^^^ of xq such that «S = in O^^. (3.49) 

This is similar to the proof of Lemma 3.4, using the Carleman estimate in Proposition 3.3 
instead of the Carleman estimate in Proposition 3.2. Assume : Bi — > E^, $"^"(0) = Xq, 
is a smooth coordinate chart around xq. With the notation in Proposition 3.3, there is 
e e (0, 1/2] sufficiently small and C sufficiently large such that 

X\\e-^f^(f)\\L^ + lle-^-^^pVl IU2 < CA-V2||e-^^ng0||^2 + e-ie-^-^^e(0) lU^, (3.50) 

for any X> C and any e C^{B^io{xo)), where 

f, = \n[r - Ro + e + e^^N''°]. (3.51) 

The constant e will remain fixed in this proof, and sufficiently small in the sense of 
Proposition 3.3. We will show that 

S = 0m B,4o{xo). (3.52) 
For (ji, . . . , jfc) G {1, 2, 3, 4}'^ wc define, using the coordinate chart 

If /c = we simply define = 5 in Bi{xq). The functions 4'{ji...j,,) '■ Bi{xo) C are 
smooth. Let : M — >^ [0, 1] denote a smooth function supported in [1/2, 00) and equal to 
1 in [3/4, 00), as before. We define 

Clearly, 0^.^ .^^ e C^{B,.,{x^)) and 

^ ■ °g<^0-i-Jfc) + 2Da0o-i...j,) • D"^, + 0(j-i...j,) • n^rje 
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Using the Carleman inequality (3.50), for any (ji, . . .jk) G {1,2,3,4}'^ we have 
A • \\e-^f^ ■ Ve(p(n...j,)\\L^ + ||e"^^^ • ?je\D^<l)(j,...j,)\ 

< . We-^f^ . ^,ng0(.^... .^)||^. + C\\e-'f^ ■ Ve^{<l>^n..M)\\L^ (3.53) 



+ C 



for any A > C. Using the identities in (1.6), in B^iq{xq) we estimate pointwise 



(3.54) 



for some constant Ca,b,c that depends only on the constants C and the tensors A, B, C. 
We add up the inequalities (3.53) over (ji, . . . ,jfc) G {1,2,3,4}*^. The key observation is 
that, in view of (3.54), the first two terms in the right-hand side can be absorbed into the 
left-hand side for A sufficiently large. Thus, for any A > C^,b,c 

'"'"t r ~ ~ n (3.55) 

< ^ E [11^"'^' • Da0o,...,.)D"^,|U2 + \\e-'f^ . 0(,,..,.,)(|ng^,| + \D%\)U._ . 

jl,--;jk 

Using the hypothesis (3.48) and the definition of the function rj^, we have 

\^oc(l>{ji...jk)^°'Ve\ + 0O-i...jfc)(Pg^e| + \D%\) < ■ l{xeB^io(xo):r>i?o and N^o>e'^o/2}, 

for some C<^ that depends on the smooth functions (l>ji...j^- Using the definition (3.51), we 
observe also that 

inf e-^^^ > e-^i^(^+^'V2) > gup e'^f^ 

B,4q(xq) {xeB^io{xo):r>Ro and Af^0>e20/2} 

The identity (3.52) follows by letting A ^ oo in (3.55). 
The set 

{xeE^ : t{x) = and r{x) = Ro} 

is compact, where i : — > R is a smooth function which agrees with coordinate function 
t in the Boyer-Lindquist coordinates. It follows from (3.49) that there is 63 > such that 

5 = in the set {x e : t{x) = and r{x) <Ro + eg}. (3.56) 

We define the vectors di = dr,d2 = dt^d^ = 80,84 = 5^ G T(E^) and the functions 

^Ui-jk) ~ ^{^jn ■ ■ ■ j^jk) the proof of Lemma 3.5. It follows from the identity (3.47) 
and (3.56) that 

^{h-ik){^^ t,9,(t))^Q\ir < Rq + 63, 
which completes the proof of the lemma. □ 
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4. Proof of Theorem 1.1 

In this section we prove Theorem 1.1. We define the smooth optical functions u,v : 
£'^(-1/2,00), 

u{t,x) = \x\-l-t; 
v{t,x) = \x\ - 1 + t, 

where £' = {{t, x) e M : \x\ > \t\ + 1/2}. Notice that £ = {{t,x) e £' : u > and v > 0}. 
For e [1, cxd) we define the relatively compact open set 

£r = {{t,x) e £ : {u + l/2){v + l/2) < R}. (4.2) 

Proposition 4.1. Assume R>1. Then there is X{R) ^ 1 such that for any 4> G Cq{£r) 
and X> X{R) 

A • ||e-^^ • + \\e-^f ■ D<P\\l^ < Cr\-^/^ ■ He""^ • □01^2, (4.3) 

where 

f = log{u + 1/2) + log(^; + 1/2) = log [{\x\ - 1/2)^ - t^] . (4.4) 

and\D<l>\^{j:%\d,<l>\'f\ 

The Carleman inequality in Proposition 4.1 suffices to prove Theorem 1.1, by an ar- 
gument similar to the one given in Lemma 3.4 (which exploits implicitly the bifurcate 
characteristic geometry of Ti, using a cutoff function of the form ri{uv/S), to compensate 
for the fact that we do not assume vanishing of the derivatives of (f) on H.). Proposition 
4.1 can be obtained as a direct consequence of Hormander's general pseudo-convexity 
condition (2.1). For the convenience of the reader, we provide below a self-contained ele- 
mentary proof of Proposition 4.1, in which wc verify implicitly a similar pseudo-convexity 
condition in our simple case and show how it implies the Carleman inequality. 

Proof of Proposition 4-i- The constants C > 1 in this proof may depend on R and d. We 
may assume that G C^{£r) is real- valued. Since all partial derivatives of / are bounded 
in £r, for (4.3) it suffices to prove that, for A > A(i?), 

A • \\e-^^ ■ 011^,2 + \\D{e-^f ■ 0) 1^2 < CA'^/^ . ||g-A/ . g^y^^^ (4 5) 

To prove estimate (4.5) we start by setting, 

(/) = e^f-il: (4.6) 
with / = f{u,v) as above. Observe that, 

g-A/Q^gA/^-) = DV^ + A(2D^/D;3V' + Dfj/j) + X'^{'D^fUf3f)ijj. 
Thus estimate (4.5) follows from, 

XU\\l2 + C-^WDtPWl. < CX-^/^Li; + X{Df)^\\L2, 
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where, 

L'4) = n^j + 2XWiIj + X^Gip, 

W = D"/D,, G = B^fBpf. 
Since □/ is bounded on Sr, i.e. |n/| < C, it suffices in fact to show that, 

AII^IU^ + C-'\\Di,\\L2 < Cr'/'.\\mL2 (4.7) 
We shall establish in fact a lower bound for an integral of the form, 

E^<Li^,2\{W -w)i^>^2\ ! LiP{W{i^)-wi^) (4.8) 

where w is a smooth function on £r we will choose below. In fact we will choose w such 
that we can establish the lower bound, 

E > C-'{Xm\\h + X'Mh) + X'WiW - wml, (4.9) 

Since E < WLi/jWl^ + X'^\\{W - w)ilj\\l2 (4.7) easily follows from (4.9). 
Now, writing L^' = □V' + A^ci^ + X(W'iIj + wijj) + X{W'i/j - wj/j), 

E^2X< Li), {W - w)ij >= 2X'^\\{W - w)^||i2 + 2X'^\\Wij\\l2 - 2X^\\wij\\l2 + E1 + E2 

Ei^X< ni/j, (2W - 2w)'il) > 

E2^X^ < Gil:, {2W - 2w)ijj > . 

(4.10) 

Thus, for bounded w and for A sufficiently large, (4.9) is an immediate consequence of 

2X'\\Wij\\l2 + E, + E,> G-\X\\Dnh + Al^lliO' (4-11) 
To evaluate Ei and E2 we make use of the following simple lemma. 

Lemma 4.2. LetQap = Da'i/'D^V" |"^a/3(D^'?/'D^'^) denote the enery-momentum tensor 
of the wave operator □ = m^^DaD^. Then, 

Uil) ■ {2Wij -2w^l:) = W{2W^Q^p-2wi)-D^i) + D^wi)'^) 

- Q'^^I^aWp + TipWa) + 2wD> • Ti^tlj - n^w ■ 

and 

Gip ■ {2Wi) - 2wi)) = W{iIj^G ■ Wa) - ij\2wG + W{G) + G ■ D"Wa). 
Since ip e G^{Sji) we integrate by parts to conclude that 

Ei + E2^X I 2w'D'^xp ■ D^V - 2D"iy^ • Q^p 

Jsr 

+ X^ f ij\-2wG - W{G) - G ■ T>''Wa) (4.12) 



'£r 

',2r 



A / V'^DgW. 
Jsr 
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To prove (4.11) we are reduced to prove pointwise bounds for the first two integrands 
in (4.12). More precisely, dividing by A and respectively, it suffices to prove that the 
pointwise bounds 

C-^|L>Vr < Mwm'' + («;D> • D,V' - D"iy^ • Q,^), (4.13) 

and 

C-^ < -2wG - W{G) - G ■ B"Wa, (4.14) 

hold on Sr, for A sufficiently large. 

Recall that = B'^f and G = D„/D"/. Observe that 

wD> ■ - D-iy^ • Q^fs = (D"V ■ D'»[(«; + □//2)m«;3 - D«D^/] 

and 

-2wG - W{G) - G ■ D"W„ = -Gi2w + □/) - 2D"/D^/ ■ D,D^/. 

Thus, with w' = w + Of /2 G C°°{8r) (still to be chosen), the inequalities (4.13) and 
(4.14) are equivalent to the pointwise inequalities 

C-^|DV^|2 < \\-DJ . D>|2 + (D> • B^^P){w'map - BJ^pf), (4.15) 

and 

C-i < -w'iBJB'^f) - By B^f ■ B^Bpf (4.16) 

on Sr, for A sufficiently large. 

Let h = or, in view of (4.4), h = {\x\ — 1/2)^ — t^). In terms of h making use of the 
inequality h> 1/4 on Sr, the inequalities (4.15) and (4.16) arc equivalent to 

C-i|DV^|2 < A|Dc,/i • D'^V'I^ + (D'^V' • B'^i/j){w'maf} - h-^B^Bf^h), (4.17) 

and 

G-^ < B"hBf^h{h-^BahBph - h-^BaB^h) - w'BahB^'h, (4.18) 

provided that A is sufficiently large. To summarize, we need to find w' e G°°{Sr) such 
that the inequalities (4.17) and (4.18) hold in Sr, for all A sufficiently large. 

We shall see below that our function h, strictly positive and smooth on £r verifies the 
equation, 

D"/iD«/i = 4/i (4.19) 

We infer by differentiation that, BaBjshB/^h = 2Bah and therefore, 

BaBphB^'hB'^h^Sh. 

Therefore the right-hand side of (4.18) is equal to 8 — Ahw' and thus inequality (4.18) is 
equivalent to hw' < 2 — G~^ in Er, which is clearly satisfied if 

w' ^ h'^{2 - Ao\x\~^) for some constant >lo > 0. (4.20) 
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On the other hand, setting = D°'ip and Hap = DqD^/i, a, (3 — 0, . . . ,d and ob- 
serving that Hoi = for i = 1, . . . , d, we infer that the right-hand side of (4.17) is equal 
to, 

E: = A(D,/iy-)2 + «;'(-(yO)2 + |yf)-/i-i(//oo(yO)2 + //..y^y^) 

- - w' - h-^Hoo) + |rf (w' + HijY'P) + A(Do/iy° + BihY')'^ 

where \Y'\'^ = Eti(^')^ and = \Y'\-^Y\ Since h = {\x\ - l/2f - t^, we have 
\h\ + \h~^\ + \x\ + - l/2)~^ < C in We compute 



Do/i = -2t, Dj/i = (2 - \x\~^)xj for j = 1, . . . , d. 



and 



00 



: DoDo/i = -2 

DjDj/i = (2 — -|- XiXj\x\~^ for i,j — l,...,d. 



(4.21) 



(4.22) 



Thus we easily check that (4.19) is indeed verified. Setting Z — Y • x, with Xi — the 
expression for E becomes, 

E = {Yyh-\2-hw') + \Y'\^h-\hw' -{2-\x\-^)-h-^\x\-^Z^ 
+ A(-2iy°+(2|a;|-|l)Z)' 

= h-^Ao\x\-\Yy + h-\l - Ao)\x\-^\Y'\^ - h-^\x\-^Z^ + A( - 2iy° + {2\x\ - \l)zy 
To derive the bound, 

£;> c-^((r°)2 + |rf), (4.23) 

from which(4.17) follows, we rely on the following simple lemma. 

Lemma 4.3. Given 5 > there exists A sufficiently large (depending on R and S) such 
that the following inequality holds: 



A 



{2\x\ - \)Z - 2tF° + h-^A^\x\-^{^y - h-^\x\-^Z^ 



d 



(4.24) 



In view of the lemma the bound (4.23) follows by choosing Aq = 1 — Cq^ and S = Cq^, 
for Co sufficiently large depending on R. This completes the proof of the proposition. □ 

We give below the proof of Lemma 4.3. 

Proof. Inequahty (4.24) is equivalent to. 



A(2|x| - 1)^ 



(1x1-1/2) 



yO 



+ /iV|-i((y°- 



x\ - 1/2 



f-Z^)+5h-^\x\-\Y''f>0 
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Setting X = j^zij2'^^ — Z we can rewrite the above inequality in the form, 

A(2|a;| - 1?X^ + h-^\x\-^X(-X + 2 , , \ + 6h^'\xr\Yy > 

\x\ — 1/2 

or, equivalently, 

X^{X{2\x\ - 1)2 - h-^\x\-^) + 2^^— + 6h-^\x\-\Yy > 
which clearly holds for t, x in 8r and all X, in M provided that A is sufficiently large. □ 

Appendix A. Explicit computations in the Kerr spaces 

We consider the exterior region of the Kerr spacetime of mass m and angular momen- 
tum ma, a G [0, m). Following [4, Chapter 6], in the standard Boyer-Lindquist coordinates 
(r, t, 6', (p) G (r+, oo) x M x (0, tt) x S-*^, r± = m ± [w? — 0?)^^"^ ^ the Kerr metric on a dense 
open subset of E^ is 



where 



^{dtf+ [d(t>-^dt) +^{drf + p\de)\ (A.l) 

A = + — 2mr; 

p2 =^2^^2(pOg^)2. (A.2) 

E2 = (r^ + a2)p2 + 2mra2(sin6')2 = (r^ + a^)^ - o?{si-iief/^. 
This metric is of the form 

ds"" = -e^^'idtf + e2^(d(/. - cudt)' + e^^^{drf + e^>''{dey, (A.3) 



where 



= ^ and i/ = -[ln(p2) + In A - ln(E2)] 



^ S2(sin^ ^ ^ ^[ln(E2) + 21n(sin^) - \n{p% 

2 

2amr 

e2/^2 = ^and /X2 = ^Np^) _ In A]; 
e^'^^^p^and p^^^Unip"). 



(A.4) 
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We compute 



r r — m —a? sin 6 cos 6 
OrlJ'2 = ^ 7 — and dg[i2 = 5 : 

_ r —a^ sin 9 cos 9 

OrfJ'S = and de/Xs 



(A.5) 



and 



(A.6) 



p^ 



d^cu = -^[(3r2 - a2)(r2 + a^) - a\sm9)\r^ - a^)]; 

4a^mr A sin ^ cos 9 
= ^4 ; 

r r — m 2r(r^ + a^) — a^(sin^)^(r — m) 

= + ^ ' 

deu = sin 6' cos 61 - ^); 

^L,^ p^' 

2r(r^ + a^) — a^(sin6')^(r — m) r 

= T? 7' 

o , 2 ■ n nr ^ 1 \ COS 6* 

deV' = -a sm9cos9(— -) + 

^ ^ sm 

We fix the frame 

eo = e-^'idt + ei = e'^d^, 62 = e-'^^d,, 63 = e-'^^dg. (A.7) 

Clearly, g«^) = (g"^) = diag(-l, 1, 1, 1), where g^;? = g(ea,e^), q;,/3 = 0,1,2,3. The 
dual basis of 1-forms is 

rf = e'^dt, T]^ = e^{d(j) - udt), rf = e^^dr, rf = e'''d9. (A.8) 

Also 

^ = dt = • eo - e'^a; • d. (A.9) 
We compute now the covariant derivatives De^e^, i, j — 0, 1, 2, 3. We use the formula 

g(z, ByX) J- (x(g(y, z)) + r (g(z, X)) - z(g(x, y)) 

- g([x, z], y) - g([y, z], X) - g([x, y], z)) , 



Let 

and observe that 



(A.11) 
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for any vector fields X,Y, Z. We have 

[eo,ei] = 0; 

[eo, 62] = e-^^dru ■ eo - e'^-'^^-'^drUJ ■ d; 
[eo, es] = e-^-'deiy ■ eo - e^-'^'-'deu ■ ei; 
[61,62] = e'^^dri) ■ ei; 
[61,63] = e'^^deilj ■ ei; 
[62, 63] = e~ '^^80112 • 62 - e^'^'^drHs • 63- 
With [a, ej] = C^efe, + Cj^ = 0, it follows from (A.IO) that 

1 ^ 

De,ei = -- X;(giigfeifcC'4 + g-gfeifcC]fc + Cg)efe. (A.12) 

A;=0 

Using the table (A. 11), this gives 

Deo6o = Co2e2 + C0363; Dei 60 = ^^'02^2 + ^^"03^3; 
~1 1 ~1 1 

^62^0 = ^^'0261; Degeo = -^C'osSi; 

DeoSi = ^^'0262 + ^C'oaea; De^ei = (-l)Ci262 + (-l)C!3e3 

Dgjei = — C'o2eo; DegCi = — Co3eo; (A. 13) 

Deoe2 = (^0260 + 2^02^1; Deie2 = -^(^0260 + Cl2^l', 
^62^2 — —(^23^3) De3e2 = — 6*1363; 

Deoe3 = 6*0360 + -60361; Dei63 = —65360 + 61361; 
De2e3 = 6I362; De3 63 = 6I362. 

Y = 2r(r^ + a^) - a^(sin6')^(r - m), 
(3r' - a')(r' + a") - a'(sin^)2(r' - a") = 2ry - > 0, (A.14) 



and 

2rE2 > pV. (A. 15) 

We compute now the Hessian D^r. More generally, for a function / that depends 
only on r (i.e. eo(/) = 6i(/) — ^2,{f) — 0), using (A. 11) and (A. 13), and the formula 
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D„D^/ = D^D„/ = e„(e^(/)) - D..e^(/). 

D„D„/ = -cS.e-'-aj = + - |,)a„/ 



D3D3/ = -Cl^e-^'^drf = ydrf 

D0D2/ = D0D3/ = D1D2/ = D1D3/ = 0. 



References 

[1] S. Alinhac and M.S. Baouendi, A non-uniqueness result for operators of principal type, Math. Z. 220 
(1995), 561-568. 

[2] T. Carleman, Sur un probleme d'unicite pour les systemes d'equations aux derivees partielles a deux 

variables independantes, Ark. Mat., Astr. Fys. 26 (1939). 
[3] B. Carter, An axy-symmetric black hole has only two degrees of freedom, Phys. Rev. Letters, 26, 

(1971) 331-333. 

[4] S. Chandrasekhar, The mathematical theory of black holes. International Series of Monographs on 
Physics, 69, Oxford Science Pubhcations, The Clarendon Press, Oxford University Press, New York, 
(1983). 

[5] P. Cohen, The non-uniqueness of the Cauchy problem, ONR Technical Report, 93, Stanford Univ., 
1960. 

[6] F.G. Fricdlandcr, On an improperly posed characteristic initial value problem, J. Math. Mech. 16 
(1967), 907-915. 

[7] F.G. Priedlander, An inverse problem for radiation fields, Proc. London Math. Soc. 27 (1973), 
551-576. 

[8] F. John, On linear partial differential equations with analytic coefficients. Unique continuation of 

Data, Comm. Pure Appl. Math., 2 (1949), 209-253. 
[9] F. John, Partial Differential Equaiions, fourth edition. Springer- Vcrlag. 
[10] S.W. Hawking and G.F.R. Ellis, The large scale structure of space-time, Cambridge Univ. Press, 

1973. 

[11] L. Hormandcr, On the uniqueness of the Cauchy problem under partial analyticity assumptions, Geo- 
metrical optics and related topics (Cortona, 1996), 179-219, Progr. Nonlinear Differential Equations 
Appl., 32, Birkhauser Boston, Boston, MA, 1997. 

[12] L. Hormander, Non-uniqueness for the Cauchy problem, Lect. Notes in Math., 459, 36-72, Springer 
Verlag, 1975. 

[13] L. Hormander, The analysis of linear partial differential operators. Springer- Verlag, Berlin, 1985. 



28 



ALEXANDRU D. lONESCU AND SERGIU KLAINERMAN 



[14] A. lonescu and S. Klainerman, On the uniqueness of smooth, stationary black holes in vacuum, 
preprint (2007). 

[15] V. Isakov, Carleman type estimates in an anisotropic case and applications, J. Differential Equations 
105 (1993), 217-238. 

[16] C. E. Kenig, A. Ruiz, and C. D. Sogge, Uniform Sobolev inequalities and unique continuation for 
second order constant coefficient differential operators, Duke Math. J. 55 (1987), 329-347. 

[17] M. Mars, A spacetime characterization of the Kerr metric. Classical Quantum Gravity 16 (1999), 
2507-2523. 

[18] F. Pretorius and W. Israel, Quasi-spherical light cones of the Kerr geometry, Class. Quantum Grav. 
15 (1989), 2289-2301. 

[19] L. Robbiano and C. Zuily, Uniqueness in the Cauchy problem for operators with partially holomorphic 

coefficients. Invent. Math. 131 (1998), 493-539. 
[20] D.C. Robinson, Uniqueness of the Kerr black hole, Phys. Rev. Lett. 34 (1975), 905-906. 
[21] D. Tataru, Unique continuation for operators with partially analytic coefficients. J. Math. Pures 

Appl. 78 (1999), 505-521. 

University of Wisconsin - Madison 
E-mail address: ionescu@math.wisc.edu 

Princeton University 

E-mail address: seriSmath. princeton.edu 



